We are concerned with the following nonlinear problem:
Introduction
In recent years, there has been much interest in studying differential equations and variational problems involving p(x)-growth conditions since they can model physical phenomena which arise in the study of elastic mechanics, electro-rheological fluid dynamics and image processing, etc. We refer the readers to [-] and references therein. In the case of p(x) a constant, called the p-Laplacian, there are a lot of papers, for instance, [-] and references therein.
In the present paper, we are concerned with the existence of an unbounded branch of the set of solutions for the p(x)-Laplacian problem with degeneracy subject to the Neumann boundary condition
when μ is not an eigenvalue of the divergence form
where is a bounded domain in R N with the Lipschitz boundary ∂ , ∂u ∂n denotes the outer normal derivative of u with respect to ∂ , the variable exponent p : → (, ∞) is a ©2014 Hwang et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.boundaryvalueproblems.com/content/2014/1/92 continuous function, g ∈ L ∞ ( ), w is a weighted function in and f : × R → R satisfies a Carathéodory condition.
Since the inceptive study of bifurcation theory by Krasnoselskii [], Rabinowitz [] claimed that the bifurcation occurring in the Krasnoselskii theorem is actually a global phenomenon. As regards the p-Laplacian and generalized operators, the nonlinear eigenvalue and bifurcation problems have been widely studied by many researchers in various approaches in the spirit of Rabinowitz 
which is based on the fact [] that the first eigenvalue of the p-Laplacian is simple and isolated under suitable conditions on m. While many researchers considered global branches bifurcating from the first eigenvalue of the p-Laplacian, Väth [] came at it from another viewpoint to establish the existence of a global branch of solutions for the p-Laplacian with Dirichlet boundary condition by applying nonlinear spectral theory for homogeneous operators. From this point of view, for the case that p(x) is a constant function, the existence of a global branch of solutions for the problem (B) was attained in [] (for generalization to equations involving nonhomogeneous operators, see also []) when μ is not eigenvalue of (E).
Compared to the p-Laplacian equation, an analysis for the p(x)-Laplacian equation has to be carried out more carefully because it has complicated nonlinearities (it is nonhomogeneous) and includes a weighted function. As mentioned before, the fact that the principal eigenvalue for nonlinear eigenvalue problems related to the p-Laplacian under either Dirichlet boundary condition or Neumann boundary condition is isolated plays a key role in obtaining the bifurcation result from the principal eigenvalue of the p-Laplacian. However, unlike the p-Laplacian case, under some conditions on p(x), the first eigenvalue for the p(x)-Laplacian Neumann problems is not isolated (see [] ), that is, the infimum of all eigenvalues of the problem might be zero (see [] for Dirichlet boundary condition). Thus we cannot investigate the existence of global branches bifurcating from the principal eigenvalue of the p(x)-Laplacian. For this reason, the global behavior of solutions for nonlinear problems involving the p(x)-Laplacian had been considered in [] . To the best of our knowledge, there are no papers concerned with the bifurcation theory for the p(x)-Laplacian Neumann problems with weighted functions. This paper is organized as follows. We first state some basic results for the weighted variable exponent Lebesgue-Sobolev spaces which were given in []. Next we give some properties of the corresponding integral operators. Finally we show the existence of a global bifurcation for a Neumann problem involving the p(x)-Laplacian by using a bifurcation result in an abstract setting.
Preliminaries
In this section, we state some elementary properties for the (weighted) variable exponent Lebesgue-Sobolev spaces which will be used in the next sections. The basic properties of the variable exponent Lebesgue-Sobolev spaces, that is, when w(x) ≡  can be found from [] . http://www.boundaryvalueproblems.com/content/2014/1/92
To make a self-contained paper, we recall some definitions and basic properties of the weighted variable exponent Lebesgue spaces L p(x) (w, ) and the weighted variable exponent Lebesgue-Sobolev spaces W ,p(x) (w, ).
Set
For any h ∈ C + ( ) we define
Let w is a measurable positive and a.e. finite function in . For any p ∈ C + ( ), we introduce the weighted variable exponent Lebesgue space
endowed with the Luxemburg norm
The weighted variable exponent Sobolev space
where the norm is 
.
We assume that w is a measurable positive and a.e. finite function in satisfying that
The reasons that we assume (w) and (w) can be found in [] .
Lemma . ([]) Let p ∈ C + ( ) and (w) hold. Then X is a reflexive and separable Banach space.
For p, s ∈ C + ( ), let us denote
where s(x) is given in (w) and
for almost all x ∈ . We shall frequently make use of the following (compact) imbedding theorem for the weighted variable exponent Lebesgue-Sobolev space in the next sections. 
Properties of the integral operators
In this section, we give the definitions and some properties of the integral operators corresponding to the problem (B), by applying the basic properties of the spaces L p(x) (w, ) and X which are given in the previous section. Throughout this paper, let p ∈ C + ( ) satisfy the log-Hölder continuity condition (.). We define an operator J : X → X * by
for any ϕ ∈ X where · , · denotes the pairing of X and its dual X * and the Euclidean scalar product on R N , respectively.
The following estimate, which can be found in [] , plays a key role in obtaining the homeomorphism of the operator J.
Lemma . For any u, v ∈ R
N , the following inequalities hold:
From Lemma ., we can obtain the following topological result, which will be needed in the main result. Compared to the case of p(x) being constant (see [] ), the following result is hard to prove because it has complicated nonlinearities.
Theorem . Let (w) and (w) be satisfied. The operator J : X → X * is homeomorphism onto X * with a bounded inverse.
, R N be operators defined by
Then the operators  ,  are bounded and continuous. In fact, for any u ∈ X, let u n → u in X as n → ∞. Then there exist a subsequence (u n k ) and
for all k ∈ N and for almost all x ∈ . Without loss of generality, we assume that
and the integrands at the right-hand sides in (.) and (.) are dominated by some integrable functions. Since
as k → ∞ for almost all x ∈ . Therefore, the Lebesgue dominated convergence theorem tells
is,  ,  are continuous on X. Also it is easy to show that these operators are bounded on X. Using the continuity for the operators  and  on X, we finally show that J is continuous on X. From Hölder's inequality, we have
for all ϕ ∈ X. Hence we get
and the right-hand side in (.) converges to zero as n → . Therefore the operator J is continuous on X.
For any u in X with u X > , it follows that
for some positive constant C. Thus we get
as u X → ∞ and therefore the operator J is coercive on X. Denote 
By using Lemma . and (.), we find that J is strictly monotone on X. The Browder-Minty theorem hence implies that the inverse operator J - : X * → X exists and is bounded; see
Next we will show that J - is continuous on X * . Assume that u and v are any elements in X with u -v X < . According to Lemma ., we have
and
for almost all x ∈  and for some positive constants C  and C  . Integrating the above inequalities over and using Lemma ., we assert that
for some positive constants C  , C  , and C  . For almost all x ∈  , the following inequalities hold: Hence using Lemma ., we assert that
for some positive constant C  . From Hölder's and Minkowski's inequalities, and the in-
for any positive numbers a, b, r, and s, it follows that
Applying Lemma . and Minkowski's inequality, 
where γ is either p  ( -p  )/ or p  ( -p  )/ and C  is positive constant. So
for some positive constant C  . Consequently, it follows from (.) and (.) that
for some positive constants C  and C  where δ = max {p  /p  , p  }. For each h ∈ X * , let (h n ) be any sequence in X * that converges to h in X * . Set u n = J - (h n ) and u = J - (h) with u n -u X < . We obtain from (.)
Since {u n : n ∈ N} is bounded in X and J(u n ) → J(u) in X * as n → ∞, it follows that (u n ) converges to u in X. Thus, J - is continuous at each h ∈ X * . This completes the proof.
From now on we deal with the properties for the superposition operator induced by the function f in (B). We assume that the variable exponents are subject to the following restrictions:
for almost all x ∈ . Assume that:
for almost all x ∈ and all (λ, u, v) ∈ I × R × R N .
(F) f satisfies the following inequality:
Under assumptions (F) and (F), we can define an operator F :
and an operator G : X → X * by
for any ϕ ∈ X. For our aim, we need some properties of the operators F and G. In contrast with [], we give a direct proofs for the continuity and compactness of F and G without using a continuity result on superposition operators. http://www.boundaryvalueproblems.com/content/2014/1/92 Theorem . If (w), (w), and (F)-(F) hold, then the operator F : R × X → X * is continuous and compact. Also the operator G : X → X * is continuous and compact.
Then for fixed λ ∈ R, the operator (λ, ·) : X → L q(x) ( ) is bounded and continuous. In fact, for any u ∈ X, let u n → u in X as n → ∞. Then there exist a subsequence (u n k ) and
as k → ∞, and |u n k (x)| ≤ v(x) and |(∂u n k /∂x j )(x)| ≤ w j (x) for all k ∈ N and for almost all x ∈ . Suppose that we can choose
and (F) implies that the integrand at the right-hand side is dominated by an integrable function. Since the function f satisfies a Carathéodory condition, we obtain
, ∇u(x)) as k → ∞ for almost all x ∈ . Therefore, the Lebesgue dominated convergence theorem tells us that (λ, 
for all u ∈ X and for some positive constant d. Minkowski's inequality and (.) imply in view of (F) that
for all λ, λ  ∈ R and for all u ∈ X. This shows that for any bounded subset B ⊆ X, the family { (· , u) : u ∈ B} is equicontinuous at each λ  ∈ R. Hence it follows from the continuity of (λ  , ·) that is continuous on R × X, on observing the following relation:
Moreover, is bounded. Indeed, if B ⊆ X and  ⊆ R are bounded, we have to verify that (  × B) is bounded. We may assume that  is compact. By the equicontinuity and the http://www.boundaryvalueproblems.com/content/2014/1/92 compactness of  , we can find finitely many numbers λ  , . . . , λ m ∈  such that for every λ ∈  there is an integer k ∈ {, . . . , m} with 
Proof Let  < ε < . Choose a positive constant R such that |b(r)| ≤ εr for all r ≥ R. Since b is locally bounded, there is a nonnegative constant C R such that |b(r)| ≤ C R for all r ∈ [, R]. Let u ∈ X with u X > . Set R = {x ∈ : |u(x)| + |∇u(x)| ≤ R}. Without loss of generality, we may suppose that
By assumption (F), Lemma . and the continuous imbedding
The following result, taken from Theorem . of [] , is a key tool to obtain our bifurcation result. has an unbounded connected set C ⊆ (R \ {}) × X such that C intersects {} × X.
Finally we establish the existence of an unbounded branch of the set of solutions for Neumann problem (B) thereby using Lemma .. contains an unbounded connected set C which C intersects {} × X. This completes the proof.
In particular the following example illustrates an application of our bifurcation result. http://www.boundaryvalueproblems.com/content/2014/1/92
Example . Suppose that assumptions (w) and (w) are fulfilled and g ∈ L ∞ ( ). If μ is not an eigenvalue of (E), then there is an unbounded connected set C such that every point (λ, u) in C is a weak solution of the following nonlinear problem: . Therefore, the conclusion follows from Theorem ..
